
�È© I (1��g)Ï¥Áò (2019.11.16)

�!O�e��K£zK 6©§� 48©¤

1. ^ ε− δ �óy² lim
x→0

√
1− sin3 x = 1 .

2. ^ ε−N�óy² lim
n→∞

n√
1 + n2

= 1 .

3. ¦¼ê y =

√
x+ 2

x+ 5
sinx+ (arctanx)tanx ����êÚ�©"

4. ¦4� lim
n→∞

(
a

1
n + b

1
n

2

)n
, Ù¥ a > 0 , b > 0 .

5. � f(x) =


x

1 + e
1
x

, x 6= 0,

0 , x = 0 .
?Ø¼ê f(x)3x = 0?���5.

6. �x1 > 0 , xn+1 = ln(1 + xn) . y²ê� {xn}Âñ§¿¦4� lim
n→∞

xn.

7. � f(x) = x ln(1 + x) + cosx+ ax2 + bx+ c = o(x2) , ¦ a , b , c��. e±x�ÄOÃ¡�§

¦ f(x)'ux�Ã¡��êÚÃ¡�ÌÜ"

8. �¼ê y(x)dXeëê�§½Â:

x = arctan t,

y = arccot t+ ln(1 + t2).
Á¦

dy

dx
,
d2y

dx2
.

�!£10©¤(½¼ê f(x)�mä:§¿`²´=«a.�mä:"

f(x) =


x sin 1

x

1− e
x

1−x
, x 6= 0, x 6= 1,

0, x = 0,

sin 1, x = 1.

n!£10©¤�¼ê f(x)3 [a, b]þ��§��¼ê f ′(x)î�üN4O . e f(a) = f(b) , y²é��x ∈
(a, b), k f(x) < f(a) = f(b) .

o!(10©) ¦d�§ ex+y − xy − e = 0(½��3: (0, 1)?���Ú{��§"

Ê!(12©) � f(x)3 [a, b]þ��§� f ′(x) 6= 0 , q f(a) = 1 , f(b) = 0 , y²

(1) �3 ξ1 ∈ (a, b) , ¦� f(ξ1) =
4

5
;

(2) �3 ξ2 , ξ3 ∈ (a, b) (ξ2 6= ξ3) , ¦�
1

f ′(ξ2)
+

4

f ′(ξ3)
= 5(a− b) .

8!(10©) � f(x) = |x|ng(x) , Ù¥n�Ûê§g(x)kn��ê. 3�o^�e f(x)3x = 0?kn�

�ê ?
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�È© I (1��g)Ï¥Áò(2020.11.21)

�!O�e��K£zK6©§�48©¤

1. ^ ε− δ�óy² lim
x→1

3
√
x = 1.

2. y² lim
n→∞

( 1
n
− 1

n+ 1
+

1

n+ 2
− · · ·+ (−1)n 1

2n

)
= 0.

3. � f(x) =

{
x2x sinx, x > 0,

x, x 6 0.
¦ f ′(x).

4. � 0 < x1 < 1, �xn+1 = −x2n + 2xn (n > 1), y²ê� {xn}�34�¿¦T4�.

5. ¦d�§ ln
√
x2 + y2 − arctan

y

x
= ln 2¤(½�Û¼ê y = y(x)��ê.

6. ¦�

{
x = et sin 2t

y = et cos t
3: (0, 1)?���Ú{��§.

7. ¦4� lim
x→0

√
1 + x+

√
1− x− 2√

1 + x2 − 1
.

8. ®�4� lim
n→∞

nα
(
arctan

2020

n− 1
− arctan

2020

n+ 1

)
´Ø�"�~ê, ¦α±9T4��.

�!£10©¤(½±e¼ê�mä:§¿`²´=«a.�mä:.

f(x) =

{
sinπx, x�knê,

0, x�Ãnê.

n!£12©¤�x→ 0�§¦ 1− cos(sinx) + a ln(1 + x2)�Ã¡��êÚÃ¡�ÌÜ.

o!£10©¤�¼ê f(x)3x = 2�,��S��§� f ′(x) = ef(x), f(2) = 1, O� f ′′′(2).

Ê!£10©¤� f(x) =
x3

x2 − 1
, ¦ f(x)����¼ê.

8!£10©¤� f(x)3 [0, 1]þ��§� f(0) = 0, |f ′(x)| 6 1

2
|f(x)|. y²µ3 [0, 1]þ§f(x) ≡ 0.
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�È© I£1��g¤Ï¥Áò 2021.11.20

�!{�K£zK 6 ©§� 48 ©¤

1. ^½Ây²µlim
x→2

x+ 2

x− 1
= 4.

2. O�4� lim
x→0

√
1− x2 − 1

1− cosx
.

3. ± x �ÄOÃ¡�§� x→ 0 �§¦ 5x − 1− ln(1 + x ln 5) �Ã¡�ÌÜ.

4. �¼ê y = y(x) d�§ arctanx+ ey + xy = 0 �Ñ§¦
dy

dx
.

5. � x1 ∈ R§xn+1 =
1

2
sinxn§y²ê� {xn} Âñ§¿¦ lim

n→∞
xn.

6. �¼ê y = y(x)dëê�§

{
x = ln(1 + t2)

y = arctan t
(½§¦ t = 1éA:?��ê

dy

dx
9���

ê
d2y

dx2
.

7. � y = (x2 + 3x+ 1)e−x, ¦ y(99).

8. ¦4� lim
x→0

(ax1 + ax2 + ax3 + ax4
4

) 1
x
§Ù¥ ai > 0, i = 1, 2, 3, 4.

�!£10©¤¦¼ê f(x) =
|x− 1| tan(x+ 2)

x2 + x− 2
�mä:§¿`²mä:�a..

n!£10©¤� f(x) =


sinx

x
, x > 0,

1 + x2, x 6 0,

(1) ?Ø f(x)�ëY5; (2) ¦ f ′(x)§¿?Ø f ′(x)�ëY5.

o!£8©¤� y = f
(2x− 1

1− 3x

)
ef(x), f ′(x) = sinx+ x, � f(0) = 1. ¦

dy

dx

∣∣∣∣
x=0

.

Ê!£8©¤�x > 0�§y²Ø�ªµ0 < ex − 1− x− x2

2
< x(ex − 1).

8!£8©¤� f(x) 3 [0, 1] þ����§|f ′′(x)| 6M � f(x) 3 (0, 1) S�����.

y²µ|f ′(0)|+ |f ′(1)| 6M .

Ô!£8©¤y²µ lim
n→∞

n∑
k=0

1

k!
= e.
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�È© I£1��g¤Ï¥Áòë��Y 19.11.16

�! 1. ∀ε > 0 , d|
√

1− sin3 x− 1| = | sin3 x|
1 +

√
1− sin3 x

6 |x|3 < ε, � δ = ε1/3 , � 0 < |x− 0| < δ

�k |
√

1− sin3 x− 1| < ε .

2. ∀ε > 0 , d
∣∣∣ n√

1 + n2
− 1
∣∣∣ = |√1 + n2 − n|√

1 + n2
=

1√
1 + n2(n+

√
1 + n2)

6
1

n
, � N =

[1
ε

]
+ 1 , �

n > N �§
∣∣∣ n√

1 + n2
− 1
∣∣∣ < ε .

3. - y1 =

√
x+ 2

x+ 5
sinx , y2 = (arctanx)tanx , K y′ = y′1 + y′2, dy = (y′ + y′)dx, Ù¥

y′1 = y1(ln y1)
′ =

y1
2

(
1

x+ 2
− 1

x+ 5
+

cosx

sinx

)
,

y′2 = y2(ln y2)
′ = y2

(
sec2 x ln arctanx+

tanx

(1 + x2) arctanx

)
.

4. � ab = 0�§́ ��ª� 0 . � ab 6= 0�§

�ª = lim
n→∞

(
1 +

(
a1/n + b1/n

2
− 1

)) 1

a1/n+b1/n

2 −1

n·
(
a1/n+b1/n

2
−1
)

= exp

(
1

2
lim
n→∞

(
a1/n − 1

1/n
+
b1/n − 1

1/n

))
=
√
ab .

5. f ′+(0) = lim
x→0+

f(x)− f(0)
x− 0

= lim
x→0+

x
1+e1/x

x
= 0, f ′−(0) = lim

x→0−

f(x)− f(0)
x− 0

= lim
x→0−

x
1+e1/x

x
= 1.

K f ′−(0) 6= f ′+(0) , � f(x)3 x = 0?Ø��§lØ��.

6. Äkd8B{�k xn > 0, qdu 0 < xn+1 = ln(1 + xn) < xn ,�ê� xn üN4~ke.§�Â

ñ§�4�´ A§K ln(1 +A) = A§lkA = 0 .

7. d f(x) = o(x2)�� (1) lim
x→0

f(x) = 0, = 1 + c = 0, l c = −1;

(2) lim
x→0

f(x)

x
= 0, = lim

x→0

x ln(1 + x) + cosx+ ax2 + bx− 1

x
= lim

x→0

(
ln(1+x)+

cosx− 1

x
+ax+ b

)
= b = 0;

(3) lim
x→0

f(x)

x2
= 0,= lim

x→0

x ln(1 + x) + cosx+ ax2 − 1

x2

0
0= lim
x→0

ln(1 + x) + x
1+x − sinx+ 2ax

2x
0
0= lim
x→0

1
1+x + 1

(1+x)2
− cosx+ 2a

2
=

1

2
+ a = 0 =⇒ a = −1

2
.

(4)

lim
x→0

f(x)

xk
= lim

x→0

x ln(1 + x) + cosx− 1
2x

2 − 1

xk

0
0= lim

x→0

ln(1 + x) + x
1+x − sinx− x
kxk−1

0
0= lim

x→0

1
1+x + 1

(1+x)2
− cosx− 1

k(k − 1)xk−2

0
0= lim

x→0

− 1
(1+x)2

− 2
(1+x)3

+ sinx

k(k − 1)(k − 2)xk−3

4



l� k = 3, �� lim
x→0

f(x)

x3
= −1

2
. Kx→ 0�, f(x)�Ã¡��ê�3, Ã¡�ÌÜ�−1

2
x3.

8.
dy

dx
=

dy
dt
dy
dt

=
− 1

1+t2
+ 2t

1+t2

1
1+t2

= 2t− 1,
d2y

dx2
=

(2t− 1)′

dx
dt

= 2(1 + t2).

�!¼ê3x 6= 0, x 6= 1 �/�w,ëY¶du

lim
x→0

x sin 1
x

1− e
x

1−x
= lim

x→0

x
1−x

1− e
x

1−x

1− x
x

x sin
1

x
= − lim

x→0
sin

1

x
,

Ø�3§¤±x = 0´1�amä:§����mä:.

du lim
x→1+

x sin 1
x

1− e
x

1−x
= sin 1, lim

x→1−

x sin 1
x

1− e
x

1−x
= 0, ¤±x = 1´1�amä:§��a�mä:.

n!?� x ∈ (a, b), d¥�½n§�3ξ1 ∈ (a, x) , ξ2 ∈ (x, b)§ξ1 < ξ2�

f ′(ξ1) =
f(x)− f(a)

x− a
< f ′(ξ2) =

f(b)− f(x)
b− x

�íÑf(x) < f(a) .

o!���§� y =
1− e

e
x+ 1, {��§� y =

e

e− 1
x+ 1.

Ê!y²µ (1) duf(x)3[a, b]��§l3[a, b]ëY"qf(b) = 0 <
4

5
< 1 = f(a), d0�½n§�

3 ξ1 ∈ (a, b), ¦� f(ξ1) =
4

5
.

(2) dLagrange¥�½n§©O�Ä«m[a, ξ1], [ξ1, b], ��

f(ξ1)− f(a) = f ′(ξ2)(ξ1 − a), f(b)− f(ξ1) = f ′(ξ3)(b− ξ1)

5¿�f(a) = 1, f(b) = 0, f(ξ1) =
4

5
, f ′(x) 6= 0, �n��

−1

5

1

f ′(ξ2)
= ξ1 − a, −4

5

1

f ′(ξ3)
= b− ξ1

üª�\�y"

8!)µd4ÙZ[úª���¦Ñf(x)3x 6= 0?� k (0 < k 6 n− 1)��ê�

f (k)(x) = n(n− 1)(n− 2) · · · (n− k + 1)xn−kg(x)sgn(x) +

k−1∑
i=0

Fn−i(x)g
(k−i)(x)sgn(x)

Ù¥ Fn−i(x)� x� n−igü�ª"d�ê�½Â�ké?¿ 0 < k 6 n−1, f(x)3 x = 0?� k �

�ê�". K f (n−1)(x)� g(0) = 0���§= f(x)3 x = 0? n���.
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�È© I (1��g)Ï¥Áòë��Y 2020.11.21

�!1. Ø�� |x− 1| < 1, = 0 < x < 2. ∀ε > 0, � δ = min{1, ε},

� 0 < |x− 1| < δ�§k
∣∣ 3
√
x− 1

∣∣ = |x− 1|
3
√
x2 + 3

√
x+ 1

< |x− 1| < ε.

2. )µ�n�óê�§

0 <
1

n
− 1

n+ 1
+

1

n+ 2
− · · ·+ (−1)n 1

2n
=

1

n
−
(

1

n+ 1
− 1

n+ 2

)
− · · · −

(
1

2n− 1
− 1

2n

)
<

1

n
.

�n�Ûê�§

0 <
1

n
− 1

n+ 1
+

1

n+ 2
−· · ·+(−1)n 1

2n
=

1

n
−
(

1

n+ 1
− 1

n+ 2

)
−· · ·−

(
1

2n− 2
− 1

2n− 1

)
− 1

2n
<

1

n
.

dY%OK=� lim
n→∞

( 1
n
− 1

n+ 1
+

1

n+ 2
− · · ·+ (−1)n 1

2n

)
= 0.

3. f ′+(0) = lim
x→0+

f(x)− f(0)
x

= lim
x→0+

x2x sinx

x
= 1, f ′−(0) = lim

x→0−

f(x)− f(0)
x

= lim
x→0−

x

x
= 1,

¤± f ′(x) =

x2x (2(1 + lnx) sinx+ cosx) , x > 0,

1, x 6 0,
.

4. Äkd8B{��0 < xn < 1, qduxn+1 − xn = xn(1 − xn) > 0, Ïdê�xnüN4Okþ.§

�Âñ. �4�´A§KA2 = A§d{xn} üN4O��A = 1.

5.
dy

dx
=
x+ y

x− y
(x 6= y). 6. ���§� y =

1

2
x+ 1, {��§� y = −2x+ 1.

7. lim
x→0

√
1 + x+

√
1− x− 2√

1 + x2 − 1
= lim

x→0

√
1 + x+

√
1− x− 2

1
2x

2
= lim

x→0

1√
1+x
− 1√

1−x
2x

= −1

2
.

8.
arctan

2020

n− 1
− arctan

2020

n+ 1
=

1

1 + ξ2

(
2020

n− 1
− 2020

n+ 1

)
∼ 4040

n2
, Ù¥ξ ∈

(
2020

n+ 1
,
2020

n− 1

)
,

�α = 2, � lim
n→∞

n2
(
arctan

2020

n− 1
− arctan

2020

n+ 1

)
= 4040.

�!�x0 = k (k ∈ Z)�§f(x0) = 0, fëY.

�x0 6= k (k ∈ Z)�§�knêS� {xn,1} � lim
n→∞

xn,1 = x0�§ lim
n→∞

f(xn,1) = sinπx0; �Ãn

êS� {xn,2}� lim
n→∞

xn,2 = x0�§ lim
n→∞

f(xn,2) = 0. �¼ê3x = x0?ØëY§��1�amä:.

n!)µ�a 6= −1

2
�§lim

x→0

1− cos(sinx) + a ln(1 + x2)

x2

0
0= lim
x→0

sin(sinx) cosx+ 2ax
1+x2

2x
=

1

2
+ a 6= 0.

�a = −1

2
�§ lim

x→0

1− cos(sinx)− 1
2 ln(1 + x2)

x4

0
0= lim
x→0

sin(sinx) cosx− x
1+x2

4x3

0
0= lim
x→0

cos(sinx) cos2 x− sin(sinx) sinx+ x2−1
(1+x2)2

12x2

0
0=− 1

12
+ lim
x→0

− sin(sinx) cos3 x− cos(sinx) sin 2x+ 6x−2x3
(1+x2)3

24x
=

1

24
.

6



Ïd§a 6= −1

2
�Ã¡�ÌÜ�

(1
2
+ a
)
x2; a = −1

2
�Ã¡�ÌÜ�

1

24
x4.

o!f ′′′(2) = 2e3.

Ê!f(x) = x+
1

2

(
1

x− 1
+

1

x+ 1

)
, f ′(x) =

x4 − 3x2

(x2 − 1)2
;

n > 1�§f (n)(x) =
(−1)nn!

2

(
1

(x− 1)n+1
+

1

(x+ 1)n+1

)
.

8!y²µe3 [0, 1]þ§f(x)Øð�"§� |f(x)| 3x0 ∈ (0, 1] ?�����. d¥�½n§�3 ξ ∈

(0, x0) ⊂ (0, 1], ¦� f ′(ξ) =
f(x0)− f(0)

x0
. l

|f ′(ξ)| = |f(x0)|
x0

> |f(x0)| >
1

2
|f(x0)| >

1

2
|f(ξ)|.

�K8^�gñ.

�È© I£1��g¤Ï¥Áòë��Y 2021.11.20

�!1. Ø�� |x− 2| < 1

2
, K

∣∣∣∣x+ 2

x− 1
− 4

∣∣∣∣ = 3|x− 2|
|x− 1|

< 6|x− 2|,

∀ε > 0, ∃ δ = min
{ε
6
,
1

2

}
, ¦� 0 < |x− 2| < δ �, ok

∣∣∣∣x+ 2

x− 1
− 4

∣∣∣∣ < ε, ¤± lim
x→2

x+ 2

x− 1
= 4.

2. x→ 0�§
√

1− x2 − 1 ∼ −1

2
x2, 1− cosx ∼ 1

2
x2, lim

x→0

√
1− x2 − 1

1− cosx
= lim

x→0

−1
2x

2

1
2x

2
= −1.

3. lim
x→0

5x − 1− ln(1 + x ln 5)

xk
= lim

x→0

5x ln 5− ln 5
1+x ln 5

kxk−1
= lim

x→0

5x ln2 5 + ln2 5
(1+x ln 5)2

k(k − 1)xk−2
= ln2 5, (k = 2),

¤±Ã¡�ÌÜ� (ln 5)2x2.

4. r yw¤x�¼ê§�§ arctanx+ ey + xy = 0 ü>éx¦�§�
1

1 + x2
+ eyy′ + y+ xy′ = 0, ¤

± y′ = −
1

1+x2
+ y

x+ ey
.

5. )µ{�µx2 =
1

2
sinx1 ∈ [−1

2
,
1

2
], d

0 6 sin t 6 t, t ∈ [0, 1/2],

t 6 sin t 6 0, t ∈ [−1/2, 0]
�§

� x2 =
1

2
sinx1 ∈ [0,

1

2
] �§0 6 · · · 6 xn 6 xn−1 6 · · · 6 x2, d�ê�üNeü§ke. 0§Âñ¶

� x2 =
1

2
sinx1 ∈ [−1

2
, 0] �§0 > · · · > xn > xn−1 > · · · > x2, d�ê�üNþ,§kþ. 0§Âñ.

d lim
n→∞

xn+1 = lim
n→∞

1

2
sinxn �4� A =

1

2
sinA, l4�� 0.

{�µ0 6 |xn| =
1

2
| sinxn−1| 6

1

2
|xn−1| =

1

22
| sinxn−2| 6

1

22
|xn−2| 6 · · · 6

1

2n−1
|x1|,

lim
n→∞

0 = lim
n→∞

1

2n−1
|x1| = 0, dY%OK�� lim

n→∞
|xn| = 0, � lim

n→∞
xn = 0.

6.
dy

dx
=

1
1+t2

2t
1+t2

=
1

2t
,

d2y

dx2
=

−1
2t2

2t
1+t2

= −1 + t2

4t3
. ¤±3 t = 1?§

dy

dx
=

1

2
,

d2y

dx2
= −1

2
.
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7. d4ÙZ[úª, �

y(99) = (e−x)
(99)

(x2 + 3x+ 1) + C1
99(e

−x)
(98)

(x2 + 3x+ 1)′ + C2
99(e

−x)
(97)

(x2 + 3x+ 1)′′

= (−1)99e−x(x2 + 3x+ 1) + 99 · (−1)98e−x(2x+ 3) +
99 · 98

2
(−1)97e−x · 2

= e−x(−x2 + 195x− 9406).

8.
lim
x→0

(ax1 + ax2 + ax3 + ax4
4

) 1
x
= exp

(
lim
x→0

ln(ax1 + ax2 + ax3 + ax4)− ln 4

x

)
=exp

(
lim
x→0

ax1 ln a1 + ax2 ln a2 + ax3 ln a3 + ax4 ln a4
ax1 + ax2 + ax3 + ax4

)
= exp

( ln a1 + ln a2 + ln a3 + ln a4
4

)
= 4
√
a1a2a3a4.

�!)µ¼ê3½Â�{x ∈ R |x 6= 1, x 6= −2, x 6= kπ +
π

2
− 2, k ∈ Z} þÑ´ëY�;

3x = 1?, lim
x→1+

f(x) = lim
x→1+

tan(x+ 2)

x+ 2
=

tan 3

3
, lim
x→1−

f(x) = lim
x→1−

−tan(x+ 2)

x+ 2
= −tan 3

3
,

¤±x = 1´1�amä:¥�a�mä:;

3x = −2?, lim
x→−2

f(x) = lim
x→−2

−tan(x+ 2)

x+ 2
= −1,

¤±x = −2´1�amä:¥���mä:;

3x = kπ +
π

2
− 2, k ∈ Z?, lim

x→kπ+π
2
−2
f(x) =∞,

¤±x = kπ +
π

2
− 2, k ∈ ZÑ´1�amä:¥�Ã¡mä:.

n!)µ(1) dÐ�¼ê�ëY5§f(x)3x 6= 0?þëY;

3x = 0 ?, lim
x→0+

f(x) = lim
x→0+

sinx

x
= 1, lim

x→0−
f(x) = lim

x→0−
(1 + x2) = 1,

¤± lim
x→0

f(x) = 1 = f(0), K f(x)3x = 0?�ëY; ? f(x)´½Â�Rþ�ëY¼ê.

(2) �x > 0 �, f ′(x) =
x cosx− sinx

x2
; �x < 0�, f ′(x) = 2x.

f ′+(0) = lim
x→0+

sinx
x − 1

x
= lim

x→0+

sinx− x
x2

= lim
x→0+

cosx− 1

2x
= 0, f ′−(0) = lim

x→0−

1 + x2 − 1

x
= 0,

¤± f ′(0) = 0.

½öUüý�ê4�nØ§

lim
x→0+

f ′(x) = lim
x→0+

x cosx− sinx

x2
= lim

x→0+

−x sinx
2x

= 0 = f ′+(0),

lim
x→0−

f ′(x) = lim
x→0−

2x = 0 = f ′−(0), ¤± f ′(0) = 0.

Ïdf ′(x) =


x cosx− sinx

x2
, x > 0,

0, x = 0,

2x, x < 0

� f ′(x)ëY.
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o!)µd f ′(x) = sinx+ x�� f ′(−1) = − sin 1− 1, f ′(0) = 0,

dy

dx

∣∣∣∣
x=0

=

[
f ′
(2x− 1

1− 3x

)
· 2(1− 3x) + 3(2x− 1)

(1− 3x)2
ef(x) + f

(2x− 1

1− 3x

)
ef(x)f ′(x)

]
x=0

= f ′(−1) · (−1) · ef(0) + f(−1) · ef(0) · f ′(0) = (sin 1 + 1) e.

Ê!y²µ- f(x) = ex − 1− x− x2

2
§K f ′(x) = ex − 1− x, f ′′(x) = ex − 1.

d f ′′(x) = ex − 1 > 0 � f ′(x) üNþ,§l f ′(x) = ex − 1− x > f ′(0) = 0.

? f(x) üNþ,§f(x) = ex − 1− x− x2

2
> f(0) = 0.

- g(x) = ex− 1− x− x2

2
− x(ex− 1)§K g′(x) = ex− 1− x− (ex− 1)− xex = −x− xex < 0,

l g(x) î�üNeü§g(x) = ex − 1− x− x2

2
− x(ex − 1) < g(0) = 0.

8!yµd f(x) 3 [0, 1] þ����§� f ′(x) 3 [0, 1] þ�3�ëY.

d f(x) 3 (0, 1) S�����§��3 ξ ∈ (0, 1) ¦� f ′(ξ) = 0.

é f ′(x) 3 [0, ξ] Ú [ξ, 1] þ©OA^.�KF¥�½n�µ

f ′(ξ)− f ′(0) = f ′′(η1)(ξ − 0), η1 ∈ (0, ξ) f ′(1)− f ′(ξ) = f ′′(η2)(1− ξ), η2 ∈ (ξ, 1)

¤±

|f ′(0)|+ |f ′(1)| = |f ′(ξ)− f ′(0)|+ |f ′(1)− f ′(ξ)| = |f ′′(η1)(ξ − 0)|+ |f ′′(η2)(1− ξ)|

= |f ′′(η1)|ξ + |f ′′(η2)|(1− ξ)| 6M.

Ô!{�: ê�üO, kþ. (ùÄ�4� e�yLê��u 3), K4��3.

�½n, Ké?¿�m > n, (1 +
1

m
)m >

n∑
k=0

1

k!
(1− 1

m
) · · · (1− k − 1

m
);

d4��Ò5, -m→∞, e >
n∑
k=0

1

k!
, Kê�üOkþ.?Âñ§�e > lim

n→∞

n∑
k=0

1

k!
;

,��¡, (1 +
1

n
)n =

n∑
k=0

1

k!
(1− 1

n
) · · · (1− k − 1

n
) <

n∑
k=0

1

k!
; -n→∞, e 6 lim

n→∞

n∑
k=0

1

k!
;

¤± lim
n→∞

n∑
k=0

1

k!
= e.

{�: d�.�KF{���Vúª, k ex =
n∑
k=0

1

k!
xk +

eθx

(n+ 1)!
xn+1, 0 < θ < 1.

K- x = 1 k
∣∣∣ n∑
k=0

1

k!
− e
∣∣∣ 6 e

(n+ 1)!
6

e

n+ 1
. d lim

n→∞

e

n+ 1
= 0, K lim

n→∞

n∑
k=0

1

k!
= e.
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