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�!O�e��K(6©× 4=24©)

1. lim
x→∞

(
x3 ln

x+ 1

x− 1
− 2x2

)
.

2. y = x2e3x, ¦ y(10).

3. lim
x→0

∫ x

0
sin(xt)dt

x3
.

4. ¦�ü²¡x− 4z = 3Ú 2x− y − 5z = 1���²1�L: (−3, 2, 5)����§.

�!O�e��K(6©× 4=24©)

1. ¦È©

∫
x ln(2 + x)dx.

2. O�È©

∫ 1

−1

x5 + x3 + x2 + x+ sinx

1 + x2
dx.

3. O�2ÂÈ©

∫ +∞

1

x lnx

(1 + x2)2
dx.

4. ®� f(x) =

{
x2, 0 ≤ x < 1,

1, 1 ≤ x ≤ 2,
�F (x) =

∫ x

1

f(t)dt (0 ≤ x ≤ 2), ¦F (x).

n!(10©) ¦4� lim
n→∞

(
ln n+1

n

n+ 1
+

ln n+2
n

n+ 1
2

+ · · ·+
ln 2n

n

n+ 1
n

)
.

o!(10©) ¦� y = lnx��^��§¦�ù^�����±9��x = 1, x = e2¤�¤�ã/

¡È��.

Ê!(12©) ?Ø¼ê f(x)=
x4

(x+ 1)3
�½Â�§üN«m§4�§]à«m§$:§ìC�§¿±Ñú

ã.

8!(12©) �¼ê f(x)3«m [−a, a] (a > 0)þäk��ëY�ê.

(1) XJ f ′′(x) > 0 (x ∈ [−a, a]), y²µ

∫ a

−a
f(x)dx ≥ 2af(0);

(2) XJ f(0) = 0, y²µ3 [−a, a]þ���3�: ζ, ¦� a3f ′′(ζ) = 3

∫ a

−a
f(x)dx.

Ô!(8©)�¼ê f(x)3 [0, 1]þëY§� f(x) ≥ 0,÷v f2(x) ≤ 1+2

∫ x

0

f(t)dt, x ∈ [0, 1]. y²µf(x) ≤

1 + x, x ∈ [0, 1].
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�!¦e�Ø½È©(6©× 3=18©)

1. I1 =

∫ √
1 + 3 cos2 x · sin(2x)dx.

2. I2 =

∫
(arcsinx)2dx.

3. I3 =

∫
x2

(x sinx+ cosx)2
dx.

�!O�e��K (6©× 3=18©)

1. ¦½È© I4 =

∫ π
2

0

ex
1 + sinx

1 + cosx
dx.

2. ¦d y2 = −4(x− 1)� y2 = −2(x− 2)¤�²¡ã/�¡È.

3. ¦%9� ρ = a(1− sin θ) (a > 0)��� s.

n!O�e��K (6©× 3=18©)

1. ¦2ÂÈ© I5 =

∫ +∞

0

1− x2

x4 + 1
dx.

2. ®�n��þa , b, c÷v |a | = 2, |b| = 3, |c| = 4, �a + b + c = 0 , ¦a · b + b · c + c · a .

3. �kü^��L1 :
x− 1

−1
=
y

2
=
z + 1

1
, L2 :

x+ 2

0
=
y − 1

1
=
z − 2

−2
, y²§�´É¡��.

o!(10©) � f(x)´ëY¼ê§q g(x) =

∫ 1

0

f(xt)dt, � lim
x→0

f(x)

x
= A (A�~ê)§¦ g′(x), ¿?

Ø g′(x)3x = 0?�ëY5.

Ê!(10©) ¦4� lim
n→∞

n
√
n(n+ 1)(n+ 2) · · · (2n− 1)

n
.

8!(10©) ?Ø¼ê f(x)=
lnx

x
�½Â�§üN«m§4�§]à«m§$:§ìC�§¿�Ñã�.

Ô!(10©) ¦�^��L, ¦�LL:P (2, 3, 4), ��²¡Π : 2x + y − 2z + 7 = 0²1§q��

�L1 :
x+ 1

−3
=
y + 2

1
=
z − 5

−1
��.

l!(6©) �¼ê f(x)34«m [a, b]þäkëY����ê§¦yµ∃ξ ∈ (a, b), ¦�

∫ b

a

f(x)dx = (b− a)f(
a+ b

2
) +

1

24
(b− a)3f ′′(ξ).
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�!O�e��K(6©× 3=18©)

1. ¦ lim
n→∞

(
sin

5

n2
+ cos

5

n

)3n2

.

2. ¦ lim
x→0+

x
1

ln(ex−1) .

3. ¦¼ê y = (x+ 3)e
1
x �ìC�.

�!O�e��K (6©× 3=18©)

1. I1 =

∫
sinx cosx

sin4 x− cos4 x
dx.

2. I2 =

∫
x3

(1 + x2)
3
2

dx.

3. I3 =

∫ 1

−1

x4 + x7 cos10 x

1 + x2
dx.

n!O�e��K (6©× 2=12©)

1. ®�n�ü �þa , b, c, �a + b + c = 0 , ¦a · b + b · c + c · a .

2. ò�����ª�§

{
x− y + z + 5 = 0,

5x− 8y + 4z + 36 = 0
z�:�ª�§.

o!(10©) O�4� lim
x→0+

(sinx)sin x − xsin x

sin2 x arcsinx
.

Ê!(10©) � f(x)3Rþ��� f(0) = 0, f ′(x) ≥ 0. y²(∫ x

0

f(t)dt
)2
≤ 2

∫ x

0

tf2(t)dt

8!(10©) ¦d� y = lnx3 (e, 1)?���� y = lnx±9x¶¤�¤�²¡ã/D�¡ÈS,

D©O7x¶!y¶^=�±¤�^=N�NÈVx, Vy.

Ô!(14©) ?Ø¼ê y = x arctanx�½Â�§üN«m§4�§]à«m§$:§ìC�§¿�Ñ¼ê

ã�.

l!(8©) ®�¼ê f(x)34«m [a, b]þäkëY����ê§� f ′(a) = f ′(b) = 0.

¦yµ∃ξ ∈ (a, b), ¦� ∫ b

a

f(x)dx = (b− a)
f(a) + f(b)

2
+

1

6
(b− a)3f ′′(ξ).

3



�È©I£1��g¤Ï"Áòë��Y2019.1.2

�! 1.
2

3
¶ 2. y(10) = 38e3x(9x2 + 60x+ 90); 3.

1

2
; 4.

x+ 3

4
=
y − 2

3
=
z − 5

1
.

�! 1.
1

2
x2 ln(2 + x)− 1

4
x2 + x− 2 ln(x+ 2) + C; 2. 2− π

2
; 3.

ln 2

4
;

4. F (x) =

{
x3

3 −
1
3 , 0 ≤ x < 1;

x− 1, 1 ≤ x ≤ 2.

n!
n∑

i=1

ln
(

1 +
i

n

) 1

n+ 1
≤

ln n+1
n

n+ 1
+

ln n+2
n

n+ 1
2

+ · · ·+
ln 2n

n

n+ 1
n

≤
n∑

i=1

ln
(

1 +
i

n

) 1

n

lim
n→∞

n∑
i=1

ln
(

1 +
i

n

) 1

n+ 1
= lim

n→∞

n

n+ 1
· lim
n→∞

n∑
i=1

ln
(

1 +
i

n

) 1

n
=

∫ 1

0

ln(1 + x)dx = 2 ln 2− 1,

lim
n→∞

n∑
i=1

ln
(

1 +
i

n

) 1

n
=

∫ 1

0

ln(1 + x)dx = 2 ln 2− 1,

¤±dY%OK

lim
n→∞

( ln n+1
n

n+ 1
+

ln n+2
n

n+ 1
2

+ · · ·+
ln 2n

n

n+ 1
n

)
= 2 ln 2− 1.

o!���§� y − ln
1 + e2

2
=

2

1 + e2
x− 1.

Ê! üNO«m (−∞,−4), (0,+∞), üN~«

m (−4,−1), (−1, 0); 4�� f(−4) = −256

27
, 4

�� f(0) = 0; e]«m (−∞,−1), þ]«

m (−1,+∞); vk$:; Y�ìC�x = −1; �ì

C� y = x− 3.

8!(1)f(x)=f(0)+f ′(0)x+
f ′′(ξ)

2
x2≥f(0)+f ′(0)x =⇒

∫ a

−a
f(x)dx≥

∫ a

−a
(f(0) + f ′(0)x)dx = 2af(0).

(2) f(x) = f ′(0)x+
f ′′(ξ)

2
x2 =⇒

∫ a

−a
f(x)dx =

∫ a

−a
f ′(0)xdx+

∫ a

−a

f ′′(ξ)

2
x2dx =

1

2

∫ a

−a
f ′′(ξ)x2dx,

�M= max
x∈[−a,a]

f ′′(x), m= min
x∈[−a,a]

f ′′(x), Km ≤ 3

a3

∫ a

−a
f(x)dx ≤M . é f ′′(x)^0�½n=�.

Ô!y²µ�u(x) = 1+2

∫ x

0

f(t)dt,Ku(0) = 1, u′(x) = 2f(x) ≤ 2
√
u(x),

√
u(x)−1 =

∫ x

0

u′(t)

2
√
u(t)

dt ≤∫ x

0

dt = x, ¤± f(x) ≤
√
u(x) ≤ 1 + x.

�È©I£1��g¤Ï"Áòë��Y2019.12.30

�! 1. I1 = −2

9
(1 + 3 cos2 x)

3
2 + C; 2. I2 = x(arcsinx)2 + 2

√
1− x2 arcsinx− 2x+ C;

3. I3 = −
∫

x

cosx
d

1

x sinx+ cosx
= − x

cosx(x sinx+ cosx)
+

∫
1

x sinx+ cosx
d

x

cosx

= − x

cosx(x sinx+ cosx)
+

∫
1

cos2 x
dx = − x

cosx(x sinx+ cosx)
+ tanx+ C
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�! 1. e
π
2 ; 2.

8

3
; 3. 8a. n! 1. 0¶ 2. −29

2
.

o! g(x) =

{
1
x

∫ x

0
f(u)du, x 6= 0,

0, x = 0.
g′(x) =

{
f(x)
x − 1

x2

∫ x

0
f(u)du, x 6= 0,

A
2 , x = 0.

g′(x)3x = 0?ëY.

Ê!�ª= exp
(

lim
n→∞

n−1∑
i=0

ln(1 +
i

n
)

1

n

)
= exp

(∫ 1

0

ln(1 + x)dx
)

=
4

e
.

8! ½Â� (0,+∞); üNO«m(0, e), üN~«

m(e,+∞); 4��f(e) =
1

e
, e]«m(0, e

3
2 ), þ]

«m(e
3
2 ,+∞); $:

(
e

3
2 ,

3

2
e−

3
2

)
; x = 0´Y�ìC

�;y = 0´Y²ìC�.

Ô!
x− 2

15
=
y − 3

−14
=
z − 4

8
.

l! y²µ-F (x) =

∫ x

a

f(t)dt, KF ′(x) = f(x), F ′′(x) = f ′(x), F ′′′(x) = f ′′(x), �F (a) = 0.

F (x)3x =
a+ b

2
?� 2��Vúª�

F (x) = F
(a+ b

2

)
+ f
(a+ b

2

)(
x− a+ b

2

)
+

1

2
f ′
(a+ b

2

)(
x− a+ b

2

)2
+

1

6
f ′′(ξ1)

(
x− a+ b

2

)3
(1)

Ù¥ ξ3x�
a+ b

2
�m. 3 (1)¥©O-x = aÚx = b, �

0 = F
(a+ b

2

)
− f
(a+ b

2

)b− a
2

+
1

2
f ′
(a+ b

2

) (b− a)2

4
− 1

6
f ′′(ξ2)

(b− a)3

8
, a < ξ2 <

a+ b

2
(2)∫ b

a

f(x)dx = F
(a+ b

2

)
+f
(a+ b

2

)b− a
2

+
1

2
f ′
(a+ b

2

) (b− a)2

4
+

1

6
f ′′(ξ3)

(b− a)3

8
,
a+ b

2
< ξ3 < b (3)

(3)− (2)� ∫ b

a

f(x) dx = f
(a+ b

2

)
(b− a) +

(b− a)3

48

(
f ′′(ξ2) + f ′′(ξ3)

)
d f ′′(x)�ëY5�� f ′′(x)3 [ξ2, ξ3]þk���MÚ���m, 2d0�½n§∃ξ ∈ [ξ2, ξ3] ⊂ (a, b),

¦� f ′′(ξ) =
1

2
(f ′′(ξ2) + f ′′(ξ3)), ¤±

∫ b

a

f(x)dx = (b− a)f(
a+ b

2
) +

1

24
(b− a)3f ′′(ξ).

�È©I£1��g¤Ï"Áòë��Y 2021.1.4

�! 1. e−
45
2 ; 2. e; 3. x = 0´Y�ìC�§y = x+ 4´�ìC�.

�! 1. I1 =
1

4
ln | cos 2x|+ C. 2. I2 =

√
1 + x2 +

1√
1 + x2

+ C; 3. I3 =
π

2
− 4

3
.

n! 1. −3

2
. 2.

x

4
=
y − 4

1
=
z + 1

−3
.

o! �ª= lim
x→0+

xsin x ·
(
sin x
x

)sin x − 1

x3
= lim

x→0+
xsin x · lim

x→0+

(
esin x ln sin x

x − 1
)

x3

= lim
x→0

sinx ln( sin x
x )

x3
= lim

x→0+

sin x
x − 1

x2
= lim

x→0+

sinx− x
x3

= −1

6
.
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Ê!�F (x) =
(∫ x

0

f(t)dt
)2
− 2

∫ x

0

tf2(t)dt, K

F ′(x) = 2

∫ x

0

f(t)dt · f(x)− 2xf2(x) = 2f(x) · x · f(ξ)− 2xf2(x) = 2xf(x)(f(ξ)− f(x)),

Ù¥ ξ3 0�x�m. Ï� f ′(x) ≥ 0, ¤± f(x)üNO\.

�x > 0�§f(x) ≥ f(ξ) ≥ f(0) = 0, �F ′(x) ≤ 0, F (x)üN~�, ÏdF (x) ≤ F (0) = 0;

�x < 0�§f(x) ≤ f(ξ) ≤ f(0) = 0, �F ′(x) ≥ 0, F (x)üNO\, ÏdF (x) ≤ F (0) = 0;

nþ¤ã§F (x) ≤ 0, =
(∫ x

0

f(t)dt
)2
≤ 2

∫ x

0

tf2(t)dt.

8!S =

∫ 1

0

(ey − ey)dy =
(

ey − ey2

2

)∣∣∣∣1
0

=
e

2
− 1.

Vx =
1

3
πe− π

∫ e

1

ln2 xdx =
1

3
πe− π(x ln2 x− 2x(lnx− 1))

∣∣∣∣e
1

= 2π(1− e

3
).

Vy = π

∫ 1

0

(e2y − e2y2)dy = π
(1

2
e2y − 1

3
e2y3

)∣∣∣∣1
0

=
π

6
(e2 − 3).

Ô!½Â� (−∞,+∞); ó¼ê¶

y′ = arctanx =
x

1 + x2
,

üNO«m (0,+∞), üN~«m (−∞, 0); 4�� y(0)=0;

y′′ =
2

(1 + x2)2
> 0, þ]«m(−∞,+∞); Ã$:¶

ìC� y =
π

2
x− 1, y = −π

2
x− 1.

l!-F (x)=

∫ x

a

f(t)dt, KF ′(x)=f(x), F ′′(x)=f ′(x), F ′′′(x)=f ′′(x), �F (a) = 0, F ′′(a) = F ′′(b) = 0.

¼êF (x)3x = a?� 2��Vúª�

F (x) = F (a) + F ′(a)(x− a) +
1

2!
F ′′(a)(x− a)2 +

1

3!
F ′′′(ξ1)(x− a)3 = f(a)(x− a) +

1

6
f ′′(ξ1)(x− a)3

Ù¥ a < ξ1 < x. -x = b, �

∫ b

a

f(x)dx = f(a)(b− a) +
1

6
f ′′(ξ2)(b− a)3, (a < ξ2 < b), (1)

¼êF (x)3x = b?� 2��Vúª�

F (x)=F (b)+F ′(b)(x−b)+
1

2!
F ′′(b)(x−b)2+

1

3!
F ′′′(η1)(x−b)3 =

∫ b

a

f(x)dx+f(b)(x−b)+
1

6
f ′′(η1)(x−b)3

Ù¥x < η1 < b. -x = a, �

∫ b

a

f(x)dx = f(b)(b− a) +
1

6
f ′′(η2)(b− a)3, (a < η2 < b), (2)

(1)+(2)�

∫ b

a

f(x)dx =
1

2

(
f(a) + f(b)

)
(b− a) +

1

6

(f ′′(ξ2) + f ′′(η2)

2

)
(b− a)3,

Ï� f ′′(x)3«m [ξ2, η2] (½ [η2, ξ2])þëY§d��½n§f ′′(x)3«m [ξ2, η2] (½ [η2, ξ2])þk��

�M����m, m ≤ f ′′(ξ2) + f ′′(η2)

2
≤ M , Kd0�½n§∃ξ ∈ [ξ2, η2] ⊂ (a, b), ¦� f ′′(ξ) =

f ′′(ξ2) + f ′′(η2)

2
, u´

∫ b

a

f(x)dx =
1

2

(
f(a) + f(b)

)
(b− a) +

1

6
f ′′(ξ)(b− a)3.
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