
�È© I£1��g¤Ï¥Áò(16.11.12)

�!̂ 4�½Ây²e�4�µ(6©×2 = 12©)

1. lim
n→∞

2n + 1
n2 + 1

= 0. 2. lim
x→1

1 − x
1 −
√

x
= 2.

�!(8©)?Ø¼ê f (x) = |x(x2 − 1)| sin x���5.

n!(8©)� f (x)3 x = 0?��§f (0) = f ′(0) = 1. ¦4� lim
x→0

f (sin x) − 1
ln f (x)

.

o!O�e��Kµ(8©×5 = 40©)

1. ®�¼ê y = y(x)d ey − e−x + xy = 0(½§¦­� y = y(x)3 x = 0?����§.

2. ¦4� lim
n→∞

(√
1 + 2 + · · · + n −

√
1 + 2 + · · · + (n − 1)

)
.

3. ¦4� lim
x→0+

1 −
√

cos x
x(1 − cos

√
x)

.

4. � y = ln(sin x) + xxa
+

53x

2x ,¦ y′±9 dy.

5. � f (x) = ln
(
esin 2x(x − 1)

)
,¦ f (n)(x).

Ê!(12©)®�
(
1 +

1
n

)n
< e <

(
1 +

1
n

)n+1
,

1. y²µ
k

n + k
< ln

(
1 +

k
n

)
<

k
n

,Ù¥ k���ê.

2. ¦4� lim
n→∞

(
1 +

1
n2

)(
1 +

2
n2

)
· · ·

(
1 +

n
n2

)
.

8!(12©)� f (x) = x − (ax + b sin x) cos x,� lim
x→0

f (x)
x5 �3�Ø�",¦~ê a, b9d4��.

Ô!(8©)� f (x)´± 1�±Ï�ëY¼ê§a´��¢ê§Áy²�3 ξ ∈ [0, 1],¦� f (ξ+ a) = f (ξ).

�È© I£1��g¤Ï¥Áò(17.11.18)

�!̂ 4�½Ây²e�4�µ(6©×2 = 12©)

1. lim
n→∞

√
n + 1

2n − 5
= 0. 2. lim

x→1

2x2 − x − 1
x2 − 1

=
3
2

.

�!O�e�4�µ(6©×3 = 18©)

1. lim
x→0

(1 + x)
1

sin x ; 2. lim
x→+∞

x(π − 2 arctan x); 3. lim
x→0

2x − x2 sin 1
x

ln(1 + x)
.

n!(10©)� f (x) =

 esin ax − 1, x ≥ 0
b ln(1 + x), x < 0

,Ù¥ëê a, bÑØ� 0. XJ f ′′(0)�3§¦ a, b.

o!(10©)� x→ 0�§± x�ÄOÃ¡�§¦ (cos x − 1) ln(1 + x)�Ã¡�ÌÜ.

Ê!(10©)¦�§ x3 + y3 − 3axy = 0 (a > 0)¤(½�Û¼ê y(x)����ê y′′.
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8!(10©)� f (x)3«m [0, 1]þ��§f (0) = 0, f (1) = 1, f ′(0) = 1,y²µ∃ η ∈ (0, 1),¦� f ′(η) =
f (η)
η

.

Ô!(10©)¦ëê�§

 x = 4 cos θ
y = 1 + sin θ

(0 ≤ θ < π)¤(½�­�3 x = 2?���Ú{��§.

l!(10©)� f (x)3 (−∞,+∞)þ��§f ′(x) = −x f (x), f (0) = 1,y²µé?¿���ê k,

lim
x→+∞

xk f (x) = 0.

Ê!(10©)� f (x) = ax3 + bx2 + cx + d,Ù¥ a, b, c, d�~ê� a , 0. y²�§ f (x) = 0kn�Ø�
��¢ê��7�^�´ b2 − 3ac > 0.

�È© I£1��g¤Ï¥Áò(18.11.17)

�!{�Kµ(5©×8 = 40©)

1. ^4��½Ây²µlim
x→2

√
x2 − 1 =

√
3.

2. ¦4� lim
n→∞

n√
n4 + 4n. 3. ¦4� lim

x→0
(1 + 2x)

2
x .

4. � y = x
√

1 − x2 + arcsin x,¦ dy. 5. ¦4�µlim
n→∞

n
(
(1 +

1
n

)n − e
)
.

6. ¦4�µlim
x→0

ex2
− cos x

x arcsin x
. 7. ¦4�µlim

x→0

1
x2

(
(1 + ln(1 + x))2x − 1

)
.

8. � x�ÄOÃ¡�§¦ ln(1 + x) − arctan x�ÌÜ.

�!(7©)� f (x) =
5x − 1

2x2 + x − 1
,¦ f (n)(x).

n!(7©)y²�§ cos x −
1
x

= 0kÃ¡õ���.

o!(7©)� y = y(x)d

 x = arctan t,
2y − ty2 + et = 5a

¤(½(Ù¥ a�~ê)§¦
dy
dx

.

Ê!(8©)� f (x) = arctan x − arctan
x − 1
x + 1

,Ù¥ x > −1.

(1)y²µf (x)´~ê¼ê¶ (2)¦ arctan(2 −
√

3)��.

8!(8©)� f (x) =

 x2 + ln(1 + x2), x > 0;
ax sin x, x ≤ 0,

� f (x)3 x = 0?����. Á¦ a��±9 f ′′(0).

Ô!(8©)� f (x) =
1

1 − e
x

x−1
,Á(½ f (x)�mä:9Ùa..

l!(8©) (1)é?¿���ê n,y²
1

n + 1
< ln(1 +

1
n

) <
1
n

;

(2)- an = 1 +
1
2

+
1
3

+ · · · +
1
n
− ln n,y² lim

n→∞
an4��3.

Ê!(7©)� f (x)3 [0, 2]þëY§3 (0, 2)S��§f (0) = 1, f (1) + 2 f (2) = 3. Áy²µ∃ ξ ∈ (0, 2),¦
� f ′(ξ) = 0.
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�È©I£1��g¤Ï¥Áòë��Y16.11.12

�! y²µ1.
∣∣∣∣2n + 1
n2 + 1

− 0
∣∣∣∣ =

2n + 1
n2 + 1

<
4n
n2 =

4
n

,

∀ε > 0,�N =
[4
ε

]
+ 1,K� n > N �§ok

∣∣∣∣2n + 1
n2 + 1

− 0
∣∣∣∣ < ε.

2.
∣∣∣∣ 1 − x
1 −
√

x
− 2

∣∣∣∣ = |
√

x − 1| =
|x − 1|
√

x + 1
≤ |x − 1| (�0 < |x − 1| < 1)

∀ε > 0,� δ = min
{
1, ε

}
,K� 0 < |x − 1| < δ�§ok

∣∣∣∣ 1 − x
1 −
√

x
− 2

∣∣∣∣ < ε.

�! )µf (x)=

 x(x2 − 1) sin x, x ≥ 1½ − 1 < x ≤ 0;
x(1 − x2) sin x, 0 < x < 1½ x ≤ −1.

w, f (x)3 (−∞,−1), (−1, 0), (0, 1), (1,+∞)S��¶

f ′+(1) = lim
x→1+

f (x) − f (1)
x − 1

= lim
x→1+

x(x2 − 1) sin x
x − 1

= 2 sin 1;

f ′−(1) = lim
x→1−

f (x) − f (1)
x − 1

= lim
x→1−

x(1 − x2) sin x
x − 1

= −2 sin 1;

Ón§ f ′+(−1) = −2 sin 1, f ′−(−1) = 2 sin 1; f ′+(0) = 0, f ′−(0) = 0;

f ′+(1) , f ′−(1), f ′+(−1) , f ′−(−1), f ′+(0) = f ′−(0) = 0,� f (x)3x = ±1?Ø��§3x = 0?��¶

nþ§f (x)3x = ±1?Ø��§3Ù¦:��"

n!�ª=lim
x→0

f (sin x) − f (0)
sin x − 0

·
sin x

ln(1 + f (x) − 1)
= f ′(0) · lim

x→0

x
f (x) − 1

= lim
x→0

x − 0
f (x) − f (0)

=
1

f ′(0)
= 1.

o!1. )µr yw¤ x�¼ê§�§ ey − e−x + xy = 0ü>é x¦�� eyy′ + e−x + y + xy′ = 0,

= y′ =
−y − e−x

ey + x
, x = 0� y = 0,�\þª� y′(0) = −1,¤±���§� y = −x.

2. )µ�ª= lim
n→∞

n√
n(n+1)

2 +

√
n(n−1)

2

= lim
n→∞

√
2√

1 + 1
n +

√
1 − 1

n

=

√
2

2
.

3. lim
x→0+

1 −
√

cos x
x(1 − cos

√
x)

= lim
x→0+

1 − cos x
x · x

2 (1 +
√

cos x)
= lim

x→0+

x2

2

x · x
2 (1 +

√
cos x)

=
1
2

.

4. )µy′ =
cos x
sin x

+xxa
(xa ln x)′+

3 · 53x ln 5 · 2x − 53x · 2x ln 2
22x = cot x+xxa

xa−1(a ln x+1)+
53x(3 ln 5 − ln 2)

2x ;

dy =
(

cot x + xxa
xa−1(a ln x + 1) +

53x(3 ln 5 − ln 2)
2x

)
dx.

5. )µf (x) = sin 2x + ln(x− 1), f ′(x) = 2 cos 2x +
1

x − 1
, f (n)(x) = 2n sin

(
2x +

nπ
2

)
+ (−1)n−1 (n − 1)!

(x − 1)n .

Ê! 1. y²µ� f (x) = ln(1 + x),K f ′(x) =
1

1 + x
,� x > 0�§d.�KF¥�½n f (x) − f (0) =

f ′(ξ)x, = ln(1 + x) =
x

1 + ξ
(0 < ξ < x), 


x
1 + x

<
x

1 + ξ
< x,¤±

x
1 + x

< ln(1 + x) < x, (x > 0).

� x =
k
n
=�

k
n + k

< ln
(
1 +

k
n

)
<

k
n

.

2. an =
(
1 +

1
n2

)(
1 +

2
n2

)
· · ·

(
1 +

n
n2

)
= exp

(
ln

(
1 +

1
n2

)
+ ln

(
1 +

2
n2

)
+ · · · + ln

(
1 +

n
n2

))
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¤± an < exp
( 1
n2 +

2
n2 + · · · +

n
n2

)
< exp

(n(n + 1)
2n2

)
;

an > exp
( 1
n2 + 1

+
2

n2 + 2
+ · · · +

n
n2 + n

)
> exp

( n(n + 1)
2(n2 + n)

)
;

lim
n→∞

exp
(n(n + 1)

2n2

)
= lim

n→∞
exp

( n(n + 1)
2(n2 + n)

)
= e

1
2 ,dY%OK�� lim

n→∞
an = e

1
2 .

8!)µ sin x = x −
x3

3!
+

x5

5!
+ o(x5), cos x = 1 −

x2

2!
+

x4

4!
+ o(x4),�\ f (x)�L�ª�

f (x) = x−
(
ax+bx−

bx3

3!
+

bx5

5!
+o(x5)

)(
1−

x2

2!
+

x4

4!
+o(x4)

)
= (1−a−b)x+

(a
2

+
2b
3

)
x3−

( a
24

+
2b
15

)
x5+o(x5),

¤± 1 − a − b = 0,
a
2

+
2b
3

= 0,)�a = 4, b = −3, lim
x→0

f (x)
x5 = −

( a
24

+
2b
15

)
=

7
30

.

Ô!y²µf (x)3 [0, 1]þëY§¤±3 [0, 1]þk���Ú���"� f (x)3 [0, 1]þ����� f (c1) =

M§���� f (c2) = m, Kd±Ï5��§MÚm©O´ f (x)����Ú���§= f (c2) ≤ f (x) ≤
f (c1),∀x ∈ (−∞,+∞).� F(x) = f (x + a)− f (x),KF(x)3 [0, 1]þëY§�F(c1) = f (c1 + a)− f (c1) ≤
0, F(c2) = f (c2 + a) − f (c2) ≥ 0,d":½n§�3 ξ ∈ [0, 1],¦� F(ξ) = 0,= f (ξ + a) = f (ξ).

�È©I£1��g¤Ï¥Áòë��Y17.11.18

�! y²µ1.
∣∣∣∣ √n + 1

2n − 5
− 0

∣∣∣∣ =

√
n + 1

2n − 5
<

2
√

n
n

=
2
√

n
(n > 5), ∀ε > 0,�¦

∣∣∣∣ √n + 1
2n − 5

− 0
∣∣∣∣ < ε,�I

�
2
√

n
< ε,= n >

4
ε2 ,�N = max{

[ 4
ε2

]
+ 1, 5},K� n > N �§ok

∣∣∣∣2n + 1
n2 + 1

− 0
∣∣∣∣ < ε.

2.
∣∣∣∣2x2 − x − 1

x2 − 1
−

3
2

∣∣∣∣ =
|x − 1|

2(x + 1)
≤ |x − 1| (�0 < |x − 1| < 1)

∀ε > 0,� δ = min
{
1, ε

}
,K� 0 < |x − 1| < δ�§ok

∣∣∣∣ x2 − x − 1
x2 − 1

−
3
2

∣∣∣∣ < ε.

�! 1. lim
x→0

(1 + x)
1

sin x = lim
x→0

(1 + x)
1
x ·

x
sin x = e

lim
x→0

x
sin x = e;

2. lim
x→+∞

x(π − 2 arctan x) = lim
x→+∞

π − 2 arctan x
1
x

0
0
= lim

x→+∞

− 2
1+x2

− 1
x2

= lim
x→+∞

2x2

1 + x2 = 2;

3. lim
x→0

2x − x2 sin 1
x

ln(1 + x)
= lim

x→0

2x − x2 sin 1
x

x
= 2 − lim

x→0
x sin

1
x

= 2.

n!)µ f ′+(0) = lim
x→0+

f (x) − f (0)
x

= lim
x→0+

esin ax − 1
x

= lim
x→0+

sin ax
x

= a;

f ′−(0) = lim
x→0−

f (x) − f (0)
x

= lim
x→0−

b ln(1 + x)
x

= lim
x→0+

bx
x

= b; ¤± a = b¶

f ′(x) =


a cos(ax)esin ax, x > 0;
a, x = 0;

a
1+x ; x < 0.

f ′′+ (0)= lim
x→0+

f ′(x) − f ′(0)
x

= lim
x→0+

a cos axesin ax − a
x

0
0
= lim

x→0+

−a2 sin(ax)esin ax + a2 cos2(ax)esin ax

1
= a2;

f ′′− (0) = lim
x→0−

f ′(x) − f ′(0)
x

= lim
x→0+

a
1+x − a

x

0
0
= lim

x→0+

−b
(1 + x)2 = −a; ¤± a2 = −a, )� a = b = −1.
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o!)µ (cos x − 1) ln(1 + x) ∼ −
x2

2
· x = −

x3

2
,¤±Ã¡�ÌÜ´−

x3

2
.

Ê!)µr yw� x�¼ê§�§ü>é x¦�� 3x2+3y2 ·y′−3ay−3ax·y′ = 0 (1),�� y′ =
ay − x2

y2 − ax
.

(1)ªz{� x2 + y2y′ − ay − axy′ = 0, ü>UYé x¦�� 2x + 2y(y′)2 + y2y′′ − 2ay′ − axy′′ = 0,

)� y′′ =
2ay′ − 2y(y′)2 − 2x

y2 − ax
=

2a(ay − x2)(y2 − ax) − 2y(ay − x2)2 − 2x(y2 − ax)2

(y2 − ax)3 .

8! y²µ� F(x) =

 f (x)
x , 0 < x ≤ 1,
1, x = 0,

F′(x) =
x f ′(x) − f (x)

x2 , lim
x→0

F(x) = lim
x→0

f (x)
x

=

lim
x→0

f (x) − f (0)
x

= f ′(0) = 1 = F(0), � F(x)3 [0, 1]þëY§3 (0, 1)S��§F(0) = F(1) = 1,d

â�½n��, ∃ η ∈ (0, 1),¦� F′(η) =
η f ′(η) − f (η)

η2 = 0,= f ′(η) =
f (η)
η

.

Ô!)µx = 2� θ =
π

3
, y = 1 +

√
3

2
. ����Çk =

dy
dx

∣∣∣∣∣
θ= π

3

=

dy
dθ
dx
dθ

∣∣∣∣∣
θ= π

3

=
cos θ
−4 sin θ

∣∣∣∣∣
θ= π

3

= −

√
3

12
,

���§� y =
(
1 +

√
3

2

)
−

√
3

12
(x − 2), {��§� y =

(
1 +

√
3

2

)
+ 4
√

3(x − 2).

l!y²µ� F(x) = e
x2
2 f (x),K F′(x) = xe

x2
2 f (x) + e

x2
2 f ′(x) = e

x2
2 ( f ′(x) + x f (x)) = 0,� F(x) = C =

F(0) = 1,= e
x2
2 f (x) = 1,¤± f (x) = e−

x2
2 . ¤± lim

x→+∞
xk f (x) = lim

x→+∞

xk

e
x2
2

= 0.

Ê!y²µ�§ f (x) = 0kn�Ø���¢ê�§�� x1, x2, x3,Ø�� x1 < x2 < x3.

f (x)3 [x1, x2]þëY§3 (x1, x2)S��§f (x1) = f (x2) = 0,dâ�½n§∃ ξ1 ∈ (x1, x2),¦� f ′(ξ1) =

0; Ón§∃ ξ2 ∈ (x2, x3), ¦� f ′(ξ2) = 0; = f ′(x) = 3ax2 + 2bx + c = 0kü�Ø���¢ê�§
�∆ = 4b2 − 12ac > 0,= b2 − 3ac > 0.

�È© I£1��g¤Ï¥Áòë��Y18.11.17

�! 1. y²µ
∣∣∣∣ √x2 − 1 −

√
3
∣∣∣∣ =
|(x − 2)(x + 2)|
√

x2 − 1 +
√

3
≤ 5|x − 2| (�0 < |x − 2| < 1)

∀ε > 0,� δ = min
{
1,
ε

5

}
,K� 0 < |x − 2| < δ�§ok

∣∣∣∣ √x2 − 1 −
√

3
∣∣∣∣ < ε.

2. )µ4 ≤
n√

n4 + 4n ≤
n√

n4 · 4n = 4( n√n)4, lim
n→∞

4 = lim
n→∞

4( n√n)4 = 4,dY%OK� lim
n→∞

n√
n4 + 4n = 4.

3. lim
x→0

(1 + 2x)
2
x = lim

x→0

[
(1 + 2x)

1
2x
]4

= e4.

4. dy = y′dx = 2
√

1 − x2dx.

5. lim
x→+∞

x
(
(1 +

1
x

)x − e
) 1

x = t
lim
t→0+

(1 + t)
1
t − e

t
= lim

t→0+

e
[
e

ln(1+t)
t −1 − 1

]
t

= e · lim
t→0+

ln(1 + t) − t
t2 = −

e
2

,

¤±�ª =−
e
2
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6. lim
x→0

ex2
− cos x

x arcsin x
= lim

x→0

ex2
− 1

x2 + lim
x→0

1 − cos x
x2 = 1 +

1
2

=
3
2

.

7. lim
x→0

1
x2

(
(1+ln(1+x))2x−1

)
= lim

x→0

e2x ln(1+ln(1+x)) − 1
x2 = lim

x→0

2x ln(1 + ln(1 + x))
x2 = lim

x→0

2 ln(1 + x)
x

= 2.

8. lim
x→0

ln(1 + x) − arctan x
cxk

0
0
= lim

x→0

1
1+x −

1
1+x2

ckxk−1 = lim
x→0

x(x − 1)
(1 + x)(1 + x2)ckxk−1

k = 2
−

1
2c

= 1,

¤± k = 2, c = −
1
2

,Ã¡�ÌÜ�−
x2

2
.

�!f (x) =
5x − 1

(x + 1)(2x − 1)
=

2
x + 1

+
1

2
(
x − 1

2

) ,¤± f n(x) = (−1)nn!
( 2
(1 + x)n+1 +

1
2(x − 1

2 )n+1

)
.

n!y²µ- f (x) = cos x−
1
x
, n ∈ N∗, f (2nπ) = 1−

1
2nπ

> 0, f ((2n + 1)π) = −1−
1

(2n + 1)π
< 0,d"

:½n��§�3 ξ ∈ (2nπ, (2n + 1)π),¦� f (ξ) = 0. n�¤k��ê§¤± f (x) = 0kÃ¡õ���.

o!
dy
dx

=
(y2 − et)(1 + t2)

2(1 − ty)
.

Ê!(1) f ′(x) ≡ 0,¤± f (x)´~�¼ê (x > −1). - x = 1� f (1) =
π

4
,¤± arctan x−arctan

x − 1
x + 1

=
π

4
.

(2)d (1)� arctan(2 −
√

3) =
π

4
+ arctan

2 −
√

3 − 1

2 −
√

3 + 1
=
π

4
− arctan

√
3

3
=

π

12
.

8!) f ′(x) =


2x + 2x

1+x2 , x > 0;
0, x = 0;
a sin x + ax cos x, x < 0,

f ′′+ (0) = lim
x→0+

f ′(x) − f ′(0)
x

= lim
x→0+

2x + 2x
1+x2

x
= 4;

f ′′− (0) = lim
x→0−

f ′(x) − f ′(0)
x

= lim
x→0−

a sin x + ax cos x
x

= 2a;

¤± a = 2� f (x)3 x = 0?����§f ′′(0) = 4.

Ô!0´1�amä:£Ã¡mä:¤§1´1�amä:£a�mä:¤.

l! J«µ(1)^¼ê�üN5y²� x > 0�§
x

1 + x
< ln(1 + x) < x,� x =

1
n
=�¶

(2)d(1)�� an − an−1 < 0,¤±ê� {an}üN~¶ qd(1)��

ln(1+
1
1

) = ln 2− ln 1 < 1, ln(1+
1
2

) = ln 3− ln 2 <
1
2
, · · · , ln(1+

1
n − 1

) = ln n− ln(n−1) <
1

n − 1
,

�ª�\� ln n < 1 +
1
2

+ · · · +
1

n − 1
< 1 +

1
2

+ · · · +
1

n − 1
+

1
n

,= an > 0. ê� {an}üN~ke.§

¤± lim
n→∞

an4��3.

Ê! J«µ^0�½ny²∃ η ∈ [1, 2], ¦� f (η) = 1, d.�KF¥�½n��∃ ξ ∈ (0, η), ¦
� f ′(ξ) = 0.
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