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min zxi
i=1
( X1 + 2%, + x4 + x¢ = 100
2x3 + 2x4 + x5 + xg + 3%, = 200
3x1 + x5 + 2x3 + 3x5 + x¢ + 4xg = 100
Xi = O,Xi%%i&

S.1. <

\

Cutting Stock Problem
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min Z X;

=1

rallxl + a1,x, + -+ ajpx, = 100

aAr1Xq + Ayr X9 + -+ ArnXn = 200
A31X1 + azyxy + -+ az,x, = 100

\ x; 2 0,528 pAthiAE

S.t. <

Cutting Stock Problem
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(The Revised Simplex Algorithm)

Ref. {Operations Research: Applications and Algorithms) Chapter 10
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1155

« BV =any set of basic variables (XL £)
e b =right-hand-side vector of the original tableau’s constraints

e a; = column for x; In the constraints of the original problem

e B =m X m matrix whose J-th column Is the column for BV;
In the original constraints

 ¢; = coefficient of x; In the objective function

e cpy = 1 X m row vector whose j-th element is the objective
function coefficient for BV;

e u; = m X 1 column vector with i-th element 1 and all other
elements equal to zero.

XuWei @ NJU / P6
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» In the tableau for any set of basic variables BV:

o B‘laj = column for x; in BV tableau

e (.

_1 _ = o= -
' — cgy B~ a; = coefficient of x; In row 0

e B~1b = right-hand side of constraints in BV tableau
o cpyB~1u; = coefficient of slack variable s; in BV in row 0
e czyB~1b = right-hand side of BV row 0

> If we know BV, B~1, and the original tableau, the
above formulas enable us to compute any part of the
simplex tableau for any set of basic variables.

Xu Wei @ NJU / P7
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max z = 60x; + 30x, + 20x4
s. t. 8x; + 6x, + x3 < 48
4x, + 2x, + 1.5x3 < 20

2x1 + 1.5x, + 0.5x3 < 8

v

max z = 60x; + 30x, + 20x5
s.t. 8xy +6x, +x3+5; = 48
4x, + 2x5 +1.5x3 + 5, = 20

S 2x1 + 1.5x, + 0.5x5 +5;,=18 )

For the original tableau:

FHAFE BV(0) = {sy, Sy, S5}, JEFARE NBV(0) = {Xy, X,, X3}

4 )
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» We let B; be the columns in the original LP that correspond to
the basic variables for tableau i.

1 00
Bo'=By=(0 1 0
0 0 1

We can now determine which non-basic variable should enter the

basis by computing the coefficient of each non-basic variable in
the current row 0.

Because ¢z, = [0, 0, 0], we have:

1 0 0
cgyBo'=10 0 0]|0 1 ol=[0 0 O]
0 0 1

XuWei @ NJU / P9
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 For each non-basic variable {x;, x5, x5}, we have:

- -1,
C; =cj —CcgyB™"aq,
= coefficient of X; in row 0

8
G=60-[0 0 0][4|=60 v ™
2
.
5=30—[0 0 0]|2]|=30
1.5.
o
&G=20—[0 0 0]|15]|=20
0.5.

should enter
the basis

XuWei @ NJU /P10
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« Which variable (sq, s,, 0Or s3) should leave the basis?

« We compute the column for x; in the current tableau and the
right-hand side of the current tableau:

1 0 O
Column for x4 In current tableau = [0 1 0] [4] = [4]
0 0 1

1 0 O
Right—hand side of current tableau = [0 1 O] [ ] [ ]
0 0 1

Thus, the new tableau (tableau 1) will have BV (1) = {s;,55, X1}
and NBV(1) = {s3,x,, x3}.

48/8] 16
20/4| = 5‘
8/2| la

Xu Wei @ NJU / P11
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1.2 fllF

1 0 8 (1) (1) :;L
B,=10 1 4] B;l = {
0 0 2 0 0 =
2
1 0 —4]
_ 0 1 -2
cgyBi' =[0 0 60] =10 o 30]
0 0 =
2 |
6
¢, =30—[0 0 30]|2|=-15
1.5
(1] x3 should enter
c=20—[0 0 30]|1.5/=5 \/ the basis
0.5

0
Coefficientof s3inrow0=0—-[0 0 30] [0] = —30
1

Xu Wei @ NJU / P12
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x5 column in tableau 1 = B;1a3=[ H ] [ ]
0 0 05 0.25

16
Right-hand side of tableau 1 = Byb = lo 1 ] l ] l ]
0 0 0.5

Thus, the new tableau (tableau 2) will have BV (2) = {s;, x3, x4}
and NBV(2) = {s3, x5, S, }.

1 1 8 1 2 -8
0 15 4 B;=l0o 2 -4

0 05 2 0 —-05 1.5

B2=

XuWei @ NJU /P13
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1 2 -8
cgyB;1=[0 20 60] lo 2 —4]=[0 10 10]
0 —0.5 1.5

& =30—[0 10 10][2]=—
1.5
Coefficientof s, inrow0=0—-[0 10 10]{1|=-10 all <0

Coefficientof s; inrow0=0—-[0 10 10]

24
Optimal solution: B; *b = [ ] [ ] [ ]
—0 5 1.5

Xu Wei @ NJU / P14
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A summary of the revised simplex method (for a max problem) follows:
Step 0 Note the columns from which the current B~ will be read. Initially, B '=1

Step 1 For the current tableau, compute cgvB L.

Step 2 Price out all nonbasic variables in the current tableau. If each nonbasic variable
prices out to be nonnegative, then the current basis is optimal. If the current basis is not
optimal, then enter into the basis the nonbasic variable with the most negative coefficient
in row (). Call this variable x;.

Step 3 To determine the row in which x; enters the basis, compute x;’s column in the
current tableau (B_lak) and compute the right-hand side of the current tableau (B_]h).
Then use the ratio test to determine the row in which x; should enter the basis. We now
know the set of basic variables (BV) for the new tableau.

Step 4 Use the column for x; in the current tableau to determine the EROs needed to en-
ter x; into the basis. Perform these EROs on the current B~ '. This will yield the new B~ ..

Return to step 1. (Elementary Row Operations: #J&{TI#)

XuWei @ NJU / P15
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1.4 iFic

* Most linear programming computer codes use some version of
the revised simplex to solve LPs.

« Knowing the current tableau’s B~ and the initial tableau is all
that is needed to obtain the next tableau.

« The computational effort required to solve an LP by the revised
simplex depends primarily on the size of B~1.

XuWei @ NJU /P16
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2.1 BAN

« Much of the computation in the revised simplex algorithm is
concerned with updating B~ from one tableau to the next.

e Suppose we are solving an LP with m constraints.

« Assume that we have found that x; should enter the basis, in
row r. Let the column for x; in the current tableau be

_@k i

A2k

L Amk

XuWei @ NJU /P18
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2.1 BAN

E is simply I.,, with column r

Define the m X m matrix E:
replaced by the column vector:

O R
RO

0 0 (row r)

O H L O

column r
( ) XuWei @ NJU /P19
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 Define the initial tableau to be tableau 0, and let E; be the

matrix associated with the i-th simplex tableau.

> Byl =
> By =
> B, 1 =

> Ingeneral, By' = Ey_1Ex_, ... ELE,

I

EyBg*
E.B7*

Ey
EqEg

Xu Wei @ NJU / P20
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max z = 60x; + 30x, + 20x;

8X1+6X2+x3+51 = 48
s.t.x4xy + 2x, + 1.5x3 + s, = 20
2xq + 1.5x5, + 0.5x; +s5; =8

Recall that in tableau 0, x; entered the basis in row 3. Thus, for tableau
0, r=3and k = 1.

1 0 8
e g 2l 1 o -4
_ 4 _ _
a21 = [4] EO ) O 1 _E — 0 1 12 BV(O) {51,52,53}
(@) 12 . 0 0 5 BV(1) = {s4, 52, %1}
0 0 = ' :
2
1 0 —4 1 0 —4
1 0 0
o |0 1 2 [0 X 0]:0 12
0 0 = 0 0 =
| > |lo 0 1 >

Xu Wei @ NJU / P21
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* As we proceeded from tableau 1 to tableau 2, x5 entered the
basis in row 2.

« Hence, in computing E;, wesetr = 2 and k = 3.

« To compute E;, we need to find the column for the entering
variable (x3) in tableau:

a3
(%23)) = Bi'az =
133 0 0 05 025

Xu Wei @ NJU / P22
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As before, x; enters the basis in row 2. Then

_1 (_1> 0_
0.5 1 5 0

Ei=lo L~ o [o 2 o]

0.5 0 —05 1
0.25
0.5
1 2 01 0 —4 1 2 -8
B;'=EBf*=|0 2 o0||l0o 1 -2|=[0 2 -4
0 —05 1l1l0 0 0.5 0 —05 1.5

XuWei @ NJU / P23
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A Cutting Stock Problem
Woodco sells 3-ft, 5-ft, and 9-ft pieces of lumber.

Woodco’s customers demand 25 3-ft boards, 20 5-ft boards, and 15

O-ft boards.

Woodco, who must meet its demands by cutting up 17-ft boards,

wants to minimize the waste incurred.

Formulate an LP to help Woodco accomplish its goal, and solve the

LP by column generation.
Ways to Gut a Boand in the Cuiting Stock Problem

Number of

Waste

Combination 3-ft Boards 5-ft Boards 9-ft Boards (Feet)
1 5 0 0 2
2 4 1 0 0
3 2 2 0 1
4 2 0 1 2
5 1 1 1 0
6 0 3 0 2

Xu Wei @ NJU / P25
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Q Define: x;= number of 17-ft boards cut according to
combination I.

a Minimize the waste incurred = minimize the total number of
17-ft boards that are cut.

a Constraint 1: at least 25 3-ft boards must be cut
a Constraint 2: at least 20 5-ft boards must be cut
QO Constraint 3: at least 15 9-ft boards must be cut

min z = x4 + X, + X3 + x4 + X5 + Xg

S. t. 5x1 +4x, + 2x3 + 2x4 + x5 = 25  (3-ft constraint)
Xy + 2x3 + x5 +3x4 = 20 (5-ft constraint)
X4 + x5 =15 (9-ft constraint)

X1,Xo,X3,X4,X5,Xg = 0

Xu Wei @ NJU / P26



TSI S RkK]

KRz £ L

gaikg

3 M A\ o == bl =]

Q& 4 g TREThR
NANJING UNIVERSITY SCHOOL OF MANAGEMENT & ENGINEERING

Q It is clear that the x; should be required to assume integer
values.

Q In problems with large demand, a near-optimal solution can be
obtained by solving the cutting stock problem as an LP and
then rounding all fractional variables upward.

Q The above procedure may not yield the best possible integer
solution, but it usually yields a near optimal integer solution.

min z = x4

S. .

5x4

_|_

+ X, b X3+ Xy F X5 FXg

4xA +
XA +

2X3
2X3

_|_
_|_

2X4

X4

_|_

_|_

_|_

BXg

> 25 (3-ft constraint)
> 20 (5-ft constraint)
> 15 (9-ft constraint)

X1,X2,X3,X4,X5,Xg = 0

Xu Wei @ NJU / P27
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min z = x +.+.+.+.+ X + %7 +.+ -+

S.t

le
0x1
Ox1

Shadow price

BO=

Ox6
3x6
0x6

_|_
_|_
_|_

Ox7
0x7
1x7

+ > 25
+ = 20
+ > 15

Basic variables (BV) Xgy,= {X{, Xg X7}
We let the tableau for this basis be tableau 0, then we have:

0 3 0

500]
0 0 1

CBvBal — [1 1 1]

o o Ul

SOWl—L O

S o Ul

0
0
1-

SOWlk—WL O

XuWei @ NJU / P28
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Xgy=Bg b

a, = (at a2 a3)’

—1
~ Cx = Cx — CpyBgay

Reduced cost
for each k <

1
— 1—cpyByt|az =1—§a,1{—§a,2{—ai

Optimal conditions: all reduced costs are non-negative (/MK 7] &)

Xu Wei @ NJU / P29
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a We need to find the a; with minimum reduced cost, that is:
1 1 1 1

c_*=mink{1—§a,1(—§a,2{—a,§}:maxkiga,lc+§a,%+a,§—1}

Q If the minimum reduced cost is hon-negative, then the current
solution is optimal.
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a, !, a2, a3 must be chosen so they don’t use more than 17 ft
of wood.

We also know that a,!, a2, a,2 must be non-negative integers.

For any combination, a,!, a,” and a,3 must satisfy:
3at + 53,2 + 9a,3<17 (3,}>0, a,>>0, a,>>0 and integer)

Xu Wei @ NJU /P30
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A We can find the column a; with maximum reduced cost by the
following knapsack problem:
1 1
max z = §a1+ §a2+a3—1
s.t. 3a'+ 5a®+9a3 <17

al,a? a® = 0 and integer

Q Note that al, a?, a3now are decision variables in this problem.
P

« That Is, we use this knapsack problem to check the reduced

cost of all columns a,,.
* The solution of this knapsack problem must correspond to a

column.

XuWei @ NJU / P31
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1 1
max z = §a1+ §a2+a3—1
s.t. 3a'+ 5a*+9a3 <17

al,a? a3 > 0 and integer

Optimal Solution: z = 8/15 > 0, (al,a?,a3)"= (1,1,1)7

XuWei @ NJU / P32
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min z = x4 -I-. +. +.+ .+ Xg + X7 -|-._|_ _|_.

s.t.5x; + + + Oxg + O0x- + + |+ > 25
Ox1 + + + 3X6 + Ox7 + + > 20
Oy + + + + > 15

+ Oxg + 1x5

XuWei @ NJU / P33
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We assume the optimal solution of the knapsack problem
corresponds to the fifth column.

min z = x; +.+.+ .+.+ x6 + x7 +.+ +.

s.t. 5x; + 1xsH Oxg + Ox-, +
Ox; + +| 1xc|+ 3xg + 0x; +
0x1 1x5 + Ox6 + 1x7

N\

Will enter into the basis.

Xu Wei @ NJU / P34
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_1 - _1_
1 = 0 O 1 z
xs column in current tableau = By ! |1]| = 1 11=|1
(%3 Ol )3
0 0 1- 11-
Y 5
Right — hand side of current tableau = By'b = ) 1 ) 20| = =
3 15 15
0 0 1- T

Which variable should leave the basis?

Xu Wei @ NJU / P35
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min z = x1 +.+.+ .+ X5+ Xg + X7 +.+.+.

s.t.|5x1 |
0x1
0x1

1X5 H
1X5 -+
1X5 +H

OxgH Ox, +
3x6 + 0x7 +
Ox6 + 1.X'7 +

The new basic variables are {x;, Xg, X}

1 0
Bi' = EoBy* =

0 0

cgyBit=11 1 1]

S o uUlle

5
1
3

1 1L

SOW|lk—L O

o o wulle
coWl~k o

. UJI}—\C.HIP—I\

ol [} o
5
ol = lo 1
3
Lo o
[5315

XuWei @ NJU / P36
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cgy B! a,z —1 =§a,1< +§a,2< +1—5a,§ -1
A, |

For the current tableau, the column generation procedure yields
The following problem:

—_ 1 1_|_ 1 2_|_ 7 3 1
max z= -a ;0° +za
s.t. 3al+ 5a*+9a3 <17

al,a? a® > 0 and integer

Optimal solution 2/15 and (a?l, a?, a®)= (4, 1, 0)

Xu Wei @ NJU / P37
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We assume the optimal solution of the knapsack problem
corresponds to the second column.

min z = x; +.+. +.+.+ Xe t X7 +.+.+.

s.t 5xq H4x,|+ + |+ > 25
Ox; H1x,H+ +H |+ = 20
0x; HO0x, |+ +H+ > 15

W|II enter into the basis.

+ 1xc + Oxg + Ox; +
+ 1xc + 3x5 + O0x; +
+ 1xc + Oxg + 1x7 +
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The column for X, In the current tableau Is:

1 0 17 47
4 5 5[4 5
Brl|1| = 0 1 1l|1] =1
0 3 3|0l 3
0 0 1- L()-

The right-hand side of the current tableau is:
1 0 1 TR
5 51[25 C
Bilb = ) 1 1[]120] = 3
3 3|15 |k
0 0 1 -

Which variable should leave the basis?

Xu Wei @ NJU / P39
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min z = xlzz +.+ .+ Xs +ﬁ + X7 +.+.+.

s.t 5xq H4x,|+ + +|1xs]+HO0x4+ Ox; + +H [+ > 25
Oxq +H1x, |+ + +|1xc| +H 3x¢ + Ox; + H |+ > 20
0x; +]0x, |+ + +|1xs| HOxd+ 1x7 + H |+ > 15

The new basic variables are {x,, Xg, Xz}

5 0 O--1 0 17 11 0 1-

4 5 5 4 4

B;1=EB'=| 5 1 1= 1 1 1
-—— 1 0ll0 = —=| |-— = —-=

12 3 3 12 3 4

Lo o 1o o 14 Lo o 1/

Xu Wei @ NJU / P40
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The new set of shadow prices is given by
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— 1 O 1_
» 4 4 1 1
cgyB;" =11 1 1] _i l _1 zlg 3 E‘
12 3 4
L0 0 1.

Thus, the column-generation procedure requires us to solve
the following problem:

1 1 1
:—1 _ 2 _3_1
max 7z 6a +3a +2a
s.t. 3al+ 5a%+9a3 <17

al,a? a* > 0 and integer
The optimal z-value for the above model is found to be z = 0.

Xu Wei @ NJU / P41
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a The optimal z-value for the above model is found to be z = 0.
m The current basic solution must be an optimal solution.

m To find the values of the basic variables in the optimal
solution, we find the right-hand side of the current tableau:

-1 17 5 -

2 0 Tzlres |2

B;'b=| 1 1 1{|20|[=]|5
12 3 4|15l g

L0 0 1- 154

m Thus, x,=5/2, x; = 5/6 and x;=15 Is the optimal solution to
Woodco’s cutting stock problem (relaxed version).

Xu Wei @ NJU / P42
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a We need not list all possible ways in which a board may be cut.
Q At each iteration, a good combination (one that will improve the
z-value when entered into the basis) is generated by solving a
branch-and-bound problem.

Q A cutting stock problem that was solved in Gilmore and Gomory
(1961) involves more than 100 million possible combinations.

Xu Wei @ NJU / P43
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Master Problem

Y
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